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Abstract. Shell-model calculations that include both A and E configurations with p-shell 
cores are used to interpret 7-ray transitions in A Li, ^Be, ^B, "B, ^C, ^N, and observed 
with the Hyperball array of Ge detectors. It is shown that the data puts strong constraints 
on the spin dependence of the AN effective interaction and that the A-E coupling plays an 
important role. 



1. Introduction 

Beginning in the 1970's, experiments at CERN, BNL, and KEK using the (K~ top ,ir~) and 
in-flight (K~,tt~) and (tt + ,K + ) reactions (see table 2 of [1]) established that the A single- 
particle energies in hypernuclei up to 20 A Pb form a textbook example of single-particle behavior, 
describable by a Woods-Saxon well of depth 28 — 30 MeV [H |2] (consistent with earlier analyses 
of -Ba values from emulsion experiments [3]). 

The best energy resolution achieved in such experiments was 1.45 MeV using a thin carbon 
target [4j. Recently, (e,e'K + ) experiments in Hall A and Hall C at JLab have achieved 
resolutions of ~ 700 keV [5] and ~ 400 keV [B], respectively. In general, this is still insufficient 
to measure the doublet splittings that result when a A in an s orbit couples to a state of a p-shell 
nucleus with non-zero spin. 

Because the A is in an s orbit, only a spatial monopole interaction operates between the 
nucleon and the A in such doublets. This means that there is little configuration mixing between 
members of different doublets and that the doublet splittings depend almost entirely on the 
spin-spin, A spin-orbit, and tensor components of the effective AN interaction, together with 
a contribution from A-E coupling. Given that data on the free YN (AAf + EA") interaction 
are very sparse and essentially constrain only spin-averaged s-wave scattering for AN, the s\ 
doublet spacings are an important source of information on the YN interaction. This requires 
hypernuclear 7-ray spectroscopy. 

The earliest measurements were made with Nal detectors [8]. The excited 1 + states of 
A H and A He were found to be at 1.04(4) MeV and 1.15(4) MeV, respectively [7]. With just 
a AN interaction, this implies that the spin-singlet central interaction is more attractive than 
the triplet, as is also necessary to obtain a l/2 + hypertriton. Now, it is recognized that A-E 
coupling contributes significantly to the 1 + — + spacing mainly by increasing the binding energy 
of the + ground state; this also permits a consistent description of the binding energies of the 
s-shell hypernuclei [9J [10J [Til CE2] ■ The observation of 7-rays in A Li and A Be [8] enabled progress 
to be made in the use of shell-model calculations to extract information on the spin-dependence 
of the AN interaction for p-shell hypernuclei [T3j after the pioneering efforts of Gal, Soper, and 



Dalitz |14j in which the ground-state B\ values alone proved insufficient to give fits with any 
degree of uniqueness. 

However, the superior (~ keV) resolution of Ge detectors turns out to be essential. Following 
a pioneering experiment at BNL [15], the capabilities of a large-acceptance Ge detector array 
(Hyperball) have been exploited in a series of experiments on p-shell targets carried out at 
KEK and BNL between 1998 and 2005 using the (tt + , K +/ j) and (K~ ,tt~^) reactions, 
respectively (see table 3 of pQ). As well as 7-ray transitions between bound states of the 
primary hypernucleus, 7-ray transitions are often seen from daughter hypernuclei formed by 
particle emission (most often a proton) from unbound states of the primary hypernucleus. 

A total of 22 7-rays, including nine doublet spacings, have now been observed with the 
Hyperball or Hyperball-2 Ge-detector arrays [U [16] in six p-shell hypernuclei, namely ^Li, ^Be, 
^B, ^C, ^N, and ^O. The newest information concerns three 7-ray transitions each in 
and ^B from KEK E566 pH Q2] that used the (ir + ,K+j) reaction on a C target and the 
Hyperball-2 detector. The placements of most these 7 rays are summarized in figure Q] (except 
for some transitions involving higher levels of ^B). 

After a brief description of the shell-model calculations and the parametrization of the 
YN interactions, a AiV parameter set that fits \Li and another that fits the heavier p-shell 
hypernuclei are given in section [2j The fitting procedure is described in section [3[ The details 
of these fits have been covered extensively in recent publications [HI [201 ED [22] . Section [J] gives 
matrix elements derived from free YN interactions and conclusions are presented in section [5j 



2. Shell-model calculations 

Shell-model calculations for p-shell hypernuclei start with the Hamiltonian 

H = Hjy + Hy + VnY j 



(1) 



where Hn is an empirical Hamiltonian for the p-shell core, the single-particle Hy supplies the 
~ 80MeV mass difference between A and S, and Vny is the YN interaction. The shell-model 
basis states are chosen to be of the form \ (p n a c J c T c , jyty)JT) , where the hyperon is coupled in 
angular momentum and isospin to eigenstates of the p-shell Hamiltonian for the core, with up 
to three values of T c contributing for S-hypernuclear states. This is known as a weak-coupling 
basis and, indeed, the mixing of basis states in the hypernuclear eigenstates is generally very 
small. In this basis, the core energies are taken from experiment where possible and from the 
p-shell calculation otherwise. 

To perform shell- model calculations, the YN interaction is written as 
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where C{a) represents linear combinations of the two-body matrix elements, a stands for all 
the quantum numbers, and the tilde denotes properly phased annihilation operators. The basic 
input from the p-shell calculation is then a set of one-body density-matrix elements (OBDME) 
between all pairs of nuclear core states that are to be included in the hypernuclear shell-model 
calculation. From the isospins of the hyperons, it is clear that only isoscalar OBDME are needed 
for coupling A configurations while isovector OBDME are needed for coupling A configurations 
to S configurations. For the p-shell wave functions of the core, early hypernuclear shell- 
model calculations of the 7-ray era [131 [23] used one or more of the three Cohen and Kurath 
interactions [25] . More recently, interactions fitted to p-shell energy-level data with the strength 
of the tensor interaction fixed to reproduce the cancellation in the 14 C (3 decay ( 14 N ground-state 
wave function) have been used [19] . 
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Figure 1. The spectra of I Li, ^Be, ^O, and 5N, ^C, and determined from experiments 
KEK E419, E518, E566, and BNL E930 with the Hyperball detector. All energies are in keV. 
The arrows denote observed 7-ray transitions. For each state the calculated energy shifts due 
to A-S coupling are given. 



The AN effective interaction can be written |14] 



VA N (r) = V (r) + V a {r) s N ■ s A + V A (r) l NA ■ s A + V N (r) l NA • s N + V T (r) 5 12 , (3) 

where 5i2 = 3(<7at • r)(a A • r) — &n • The five pns A two-body matrix elements depend 
on the radial integrals associated with each component in equation [3j They are denoted by 
the parameters V, A, 5a, 5jv and T [H]. By convention [13], S A and Sn are actually the 
coefficients of In ■ s A and In ■ sn- Then, the operators associated with A and 5a are Sn • s A and 
Ln ' s a . In an LS basis for the core, the matrix elements of Sn • s A are diagonal (similarly for 
Ln ■ s A = (Jjv — on)' sa) and therefore depend only on the intensities of the different L c and 5 C 
in the core wave functions. Because supermultiplet symmetry [f c ]K c L c S c J c T c is a rather good 
symmetry for p-shell core states, only a few values of L c and 5 C are important leading to a simple 
understanding of the contributions from A and 5a. V contributes only to the overall binding 
energy; 5at does not contribute to doublet splittings in the weak-coupling limit but augments the 
nuclear spin-orbit interaction and contributes to the spacings between states based on different 
core states; in general, there are not simple expressions for the coefficients of T. 

The parametrization of equation [3] applies to the direct AiV interaction, the AN-T,N coupling 
interaction, and the direct T,N interaction for both isospin 1/2 and 3/2. A set of parameters 
that fits the energy spacings between levels of ^Li and ^Be is (parameters in MeV) 

A = 0.430 5 A = -0.015 S N = -0.390 T = 0.030 , (4) 

while a set that fits the heavier p-shell hypernuclei is 

A = 0.330 5 A = -0.015 S N = -0.350 T = 0.0239 . (5) 

The corresponding matrix elements for the A-E coupling interaction, based on the G-matrix 
calculations of [9] for the nsc97e, / interactions [26], are [20|. 119] 

V' = 1.45 A' = 3.04 S' A = S' N = -0.09 T' = 0.16 . (6) 

These parameters are kept fixed in the present calculations. 

Prom equation [6] it is clear that the central terms, V and A', of A— S coupling interaction 
are important. Formally, one could include an overall factor tN • t A s in the analog of equation [3] 
that defines the interaction, where t A -£ is the operator that converts a A into a S. Then, the 
core operator associated with V is Tn = J2i^Ni- This leads to a non-zero matrix element only 
between A and S states that have the same core, with the value 

{{J c T,s^)JT\V ATi \(J c T,s A )JT) = ^4/3 ^T{T+l)v' , (7) 

in analogy to Fermi (3 decay of the core nucleus. Similarly, the spin-spin term involves J2i s NitNi 
for the core and connects core states that have large Gamow- Teller matrix elements between 
them. These are states with mainly the same [f c ]K c L c because the Gamow- Teller operator can't 
change any spatial quantum numbers. For a T = core nucleus, only A' contributes. 



Perturbatively, the energy shift that A-hypernuclear state gets from mixing with a S- 
hypernuclear state goes as the mixing matrix element squared over an energy denominator that 
is of the order of 80 MeV. Equation [7] shows that the contribution from V increases quadratically 



Table 1. Doublet spacings in p-shell hypernuclei. Entries in the top (bottom) half of the table 
are calculated using the parameters in equation [4] (equation [5]) . The individual contributions do 
not sum to exactly AE th , which comes from the diagonalization, because small contributions 
from the energies of admixed core states are not included. The coefficients of A, 5a, SV, and 
T can be obtained by dividing the contributions in the table by the values of the parameters in 
equation |4] or equation Alternatively, they are given in Refs. [19 } 120 ^ [2~T j 122] . 
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with the isospin for neutron-rich hypernuclei. The total Gamow- Teller strength, proportional to 
N — Z, increases linearly with isospin. However, not all the Gamow- Teller strength is operative 
for a given J. An important feature is the magnitude and sign of the contribution from A' to the 
"diagonal" matrix element in equation This is illustrated by the off-diagonal matrix elements 
v(J) in a simple s s s\ plus s 3 ss model [9j [19] for the 0+ and 1+ states of A He (or A H) where 

«(0) =V S ' + 3/4A' s , v(l) =VJ- 1/4A' S . (8) 

The pure s-state matrix elements take roughly double the p-shell values in equation [7J leading to 
7.46 MeV for v(0) and a much smaller value for v(l). The resultant energy shift is ~ 700 keV for 
the ^He ground state. Thus, the AA^ spin-spin interaction and A-S coupling make comparable 
contributions to the 1+ — 0+ doublet splitting. Few-body calculations have confirmed this basic 
picture [EH ttD 02] • 

3. Analysis of the p-shell hypernuclei 

Table Q] gives the breakdown of the contributions from A-S coupling and the AA interaction 
parameters to all 9 of the measured doublet spacings and several more doublets spacings of 
interest in A Li, A Li ^B, and A N. The strategy for fixing the values of the parameters goes as 
follows. 

The ^Be doublet spacing demands a small value for 5a- This was already clear from the 
limit of 100 keV placed on the spacing using Nal detectors [U [13]. This limit relies on theory 
only to the extent that the doublet members are expected to be populated almost equally in the 
(K~, 7r~) reaction [27]. The unbound 2+ excited state of 8 Be (bound in the presence of the A) 
has dominantly L = 2 and S = 0, in which case the 3/2+ lies above the 5/2+ state by —5/2S\. 



The small 5 = 1 admixtures in the 2 + wave function, necessary to account for the Gamow- Teller 
decays of 8 Li and 8 B, lead to small contributions from A and T to the doublet spacing. The 
small Gamow- Teller matrix elements also mean that the contribution from A-S coupling (A') 
is small and it so happens that the contributions other than from 5a more or less cancel. The 
parameter set chosen puts the 3/2 + state above the 5/2 + state but the order is not determined 
in the original experiment [28]. However, in the 2001 run of BNL E930 on a 10 B target, only 
the upper level is seen strongly following proton emission from X A B [29J. It can then be deduced 
that the 3/2 + state is the upper member of the doublet [19]. 

Four of the five 7 rays in ^Li were observed in the first Hyperball experiment [30J while 
the excited-state doublet spacing was observed following 3 He emission from Os-hole states in 
*aB [31]. The ground state of 6 Li is mainly L = and 5 = 1 [19] which means that the spins 
ground-state doublet members in ^Li are all due to intrinsic spin and the doublet spacing is 
given by 3/2 A plus the contribution from A-S coupling (due to A'). The latter accounts for 
~10% of the spacing. The excited 3 + state of 6 Li is purely L = 2, 5 = 1 leading, in this limit, to 
a doublet spacing of [27] 

AE = 7/6 A + 7/3 5 A - 14/5 T . (9) 

Again, the spin-spin interaction dominates but the spacing is reduced by contributions from S\ 
and T. Initially, T was taken to be small based on the available YN interactions [32]. The 
first indication of a substantial negative value for Sn came from the excitation energy of the 
5/2 + state [8] [32], [24] which, being based on the lowest member of an L = 2, 5 = 1 triplet, is 
lowered by an enhanced nuclear spin-orbit interaction (see table [2]); Sn also makes an important 
contribution to the excitation energy of the l/2 + ; 1 state. 

The A = 7 hypernuclei have also been extensively studied using three-body [331 134] and four- 
body |35[ [36] models. These models lack a tensor interaction and explicit A-S coupling but can 
treat the radial structure of these hypernuclei. Indeed, a reduced B(E2) for the 5/2 + — > l/2 + 
transition relative to the known 3 + — > 1 + core transition in 6 Li was predicted due to a contraction 
brought about by the extra binding energy in the presence of a A, as subsequently found 
experimentally [57] . 

The determination of T rests on the measurement of the ground-state doublet spacing in 
X A [5S][16]. Because the 1~, 0~ doublet spacing, given by 

AE = — 1/3 A + 4/3 5a + 8 T , (10) 

could be small, the experiment was set up to measure the 7-ray energies from the 1 2 state to 
the members of the ground-state doublet. A weak transition, tentatively assigned as from the 
2~ level, was also observed [16], thus providing the 2~, 1~ excited-state doublet spacing. 



In the same experiment [16] . three 7-ray transitions in X A N were observed following proton 
emission from unbound states of X A 0. In the simplest model of p^ 2 s A , the ground-state doublet 

spacing should be just 3/2 that of X A [27] [32] with the l/2 + state lowest and should be 
measureable from the decays of the 2268-keV l/2 + ;l level (see figured]). This would provide 
a check on the value of T from 1 ^0. However, only one very sharp 7 ray corresponding to 
a long lifetime is observed. In addition, the lifetime of the 2268-keV level is measured to be 
15 times longer than that of the + ; 1 core state [16] , The core transition is a weak, mainly 
orbital, Ml transition because the spin matrix element is almost zero (cf. 14 C f3~ decay). It 
turns out that small 1^;0 x sa admixtures introduce a strong spin Ml matrix element that 
produces strong cancellations, the more so for the decay to the l/2 + member of the ground- 
state doublet [I9l[l6]. The ground-state is predicted to be 3/2 + , opposite to that expected from 
the simple model mentioned above, and this is confirmed by recent results on the mesonic weak 



Table 2. Non-doublet excitation energies of states in p-shell hypernuclei. The entry for A hi is 
calculated using the parameters in equation HI The remainder are calculated using equation [5j 
See table[T] for more details. AE C is the excitation energy of the core state. Taking the centroid 
of doublets would eliminate most of the dependence on A, S\, and T. All energies are in keV. 
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decay of A 5 N [39|. 140] . The other two observed 7 rays determine the spacing of the excited-state 
doublet. Here the core state is largely L = 0, 5 = 1 and, as for the ground-state doublet in 
^Li, the spacing is driven by A and is well fitted by the value in equation [5j The excited-state 
doublet spacing in provides a similar example. 

The data on and in figure Q] come from KEK E566 [H1CL8], the U A B 7 rays following 
proton emission from unbound states of (a total of six 7 rays are known in ^B [41] [TJ). 

As can be seen from table [1] there is a consistent description of the doublet spacings once 
a larger value of A is taken for 7 A Li. The ground-state doublet of ^Li is included because 
there is a candidate 7-ray [15]. The ground-state doublet of A Li could be measured using 
the 9 Be(e, e'K + ) A Li reaction at Jefferson Laboratory (the spacing is 470 keV with the other 
parameter set). The excited-state doublet of 9 Li is included to show that the contributions 
from A and A-S coupling are not always of the same sign. 

The remaining point with regard to doublet spacings concerns the ground-state doublet 
spacings of and ^B. The limit on the ^B spacing |15] was the reason that Fetisov et 
al. chose a small value of A |24] , With the inclusion of A-S coupling, it can be seen from 
table H] that A-S coupling reduces the spacing in 19 B and increases it in |19} 122]. The 
recent measurement of the ground-state doublet spacing in provides an important check on 
this effect. It is possible to reduce the X °B spacing further by adjustments to the A-S coupling 
parameters in equation [6] |22j. It should also be borne in mind that the protons are relatively 
loosely bound in * A B ( 9 B is unbound to proton emission) but the effect of this is hard to estimate 
because the p-shell parentage is widely spread. 

Table [2] shows the breakdown of contributions to non-doublet excitation energies for the 
hypernuclei in figure [U This shows the influence of Sn on these spacings; by taking the 
centroid of doublets one could remove most of the contributions from A, Sa> and T but the 
contribution from Sn would not be much affected, being essentially the same for doublet 
members (table [I]). As can be seen Sn always contributes in the right direction to improve 
agreement with experiment, but leads to an underestimate of the excitation energies for ^B, 
^C, and near the middle of the shell (there is sensitivity to the core wave functions). 
Possible reasons for this discrepancy will be addressed in section [5] 



Table 3. Parameter values for p-shell and s-shell hypernuclei calculated using Woods-Saxon 
wave functions and Gaussian or Yukawa representations of AN-AN G-matrix elements. 
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4. Matrix elements from baryon-baryon interactions 

In the preceding section, the AiV matrix elements have been treated as parameters independent 
of mass number, except (essentially) for the larger value of A for A Li. This is reasonable because 
the stable p-shell nuclei exhibit almost constant rms charge radii [19j. To illustrate this point for 
hypernuclei, we show in table [3] the values obtained for the parameters when they are calculated 
from fixed radial forms of the potentials using Woods-Saxon wave functions. Of the nsc97 
interactions [26], only nsc97f gives a value for A that comes close to the empirical value. The 
radial representation of nsc97f then forms a starting point for scaling the strengths in the various 
central, spin-orbit, antisymmetric, and tensor channels to obtain a fit to either of the empirically 
determined parameter sets; fit-djm is the result for the A Li set. Most recent YN models (such 
as esc04 [12], esc08 [33], or the new Jiilich models [44j). use some constraint to obtain a more 
attractive singlet s-wave interaction than triplet to bind the hypertriton, and give a reasonable 
A = 4 + /l + doublet spacing. The Yukawa representation of the esc04a potential comes from 
the work of Halderson [15] (similarly esc08a). 

The fit-djm results for A Li and ^O are calculated from the same interaction for Woods-Saxon 
radii that scale as A 1 / 3 and depths that are fitted to the experimental binding energies. As can 
be seen from the first two lines of table [3J the calculated parameters stay remarkably constant 
(the rms radii of the p nucleon orbits stay very mearly constant at around 2.9 fm while the rms 
radius of the sa orbit goes from 2.34 fm for 1 § O to 2.60 fm for j\Li). The cancellation between 
the symmetric and antisymmetric spin-orbit interactions for nsc97f, esc04a, and esc08a is in the 
right direction, but not large enough, to reproduce the very small empirical value of 5a- 

In the p shell, A receives contributions from the spin-dependence in both relative s states 
and p states [19] (cf. [15]). These the p-wave contributions are repulsive for both spin channels 
in nsc97f, repulsive for singlet in esc04a and esc08a, and attractive for both in fit-djm. Despite 
the smaller size of p-wave matrix elements relative to s-wave matrix elements, the contribution 
to A can be substantial when the singlet and triplet p-wave interactions are of opposite sign, as 
they are for esc04a and esc08a. This results in an unsatisfactorily small value of A for esc08a. 
An effect of this phenomenon is also seen in the substantial variation in the s-shell parameters 
(similarly calculated) in table [3] where the contributions from odd-state central interactions 
are absent. A few-body calculation of A H and A He versus A Li would then test the even/odd 
character of the central interaction in addition to the role of A-E coupling [llj . 

Finally, table H] shows calculated A-E coupling parameter values for several of the Nijmegen 
baryon-baryon interactions. These are dominantly effective central interactions that arise from 
the strong tensor interaction of A-E coupling acting in second order. The esc04 interactions 
seem to have an unphysical radial behavior [45J. 



Table 4. Pnsy A-E coupling parameters from several of the Nijmegen baryon-baryon 
potentials. 
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5. Discussion 

Section [3] and table Q] show that the doublet spacings in p-shell hypernuclei are rather well 
accounted for by a consistent set of AN interaction parameters A, S\, and T together with the 
contributions from A-E coupling. The main problem with consistency is that a larger value of 
the spin-spin matrix element A is required near the beginning of the shell, most certainly for 
^Li. The discussion in section [3] shows that this is unlikely to be simply an effect of nuclear 
size. Another possiblity is that restricting the core wave functions to p-shell configurations 
is inadequate. When the core bases are expanded by adding higher configurations, the most 
important admixtures at the beginning of the p shell involve nucleons excited from the s shell to 
the p shell, For the specific case of 6 Li, promoting an np pair from the s shell to the p shell forms 
a particularly stable a-like 2n2p system ( 8 Be) in the p shell in analogy to the classic low-lying 
4p2h states in the A = 18 nuclei. This leaves an active np pair in the s shell for which the sns\ 
matrix element is larger than the pnsa (central) matrix element by roughly a factor of two. In 
contrast, beyond 8 Be the low- lying excitations involve nucleons excited from the p shell to the sd 
shell. In 10 B for example, the lowest (sd) 2 levels are the 5.18-MeV 1 + ; level and the 7.56-MeV 
+ ; 1 level. In this case, the (scI)nsa matrix elements are smaller than those for pnsa- 

The other major discrepancy found in the present shell-model treatment is that the nuclear- 
spin-dependent spin-orbit term Sjv does not provide a large enough contribution for the mid-shell 
hypernuclei (table[2]). In the core nuclei, antisymmetric spin-orbit interactions play an important 
role in the latter half of the p-shell, mocking up the effect of NNN interactions in producing 
a 3 + ground state for 10 B and enough "spin-orbit" splitting at A = 15. These can be obtained 
by averaging the NNN interaction over the closed shell of 0s nucleons. For hypernuclei, the 
double one-pion exchange ANN interaction [14] is independent of the A spin and gives, when 
averaged over the s\ wave function, 

V$ =Y,QL(ri,r 2 ) [aiM* ■ [Ci(n) , C m (r 2 )] k r x ■ r 2 . (11) 

klm 

The and Q22 terms give repulsive contributions to B\ that depend quadratically on the 
number of p-shell nucleons in the core while Q22 represents an anti-symmetric spin-orbit 
interaction that behaves rather like Sn p3], and could act synergistically with the vector 
interactions in the core. This would help alleviate the general problem of failing to get enough 
spacing between states based on different core levels for hypernuclei near the middle of the p 
shell despite the fact that Sn works in the right direction. 

Theoretically, then, the next step is to expand the basis for the nuclear core states and to 
explicitly include ANN interactions. Experimentally, progress will come from experiments using 



the new Hyperball-J detector at J-PARC [18]. 
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